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A. LINE SHAPES OF PARAMAGNETIC CHROMIUM RESONANCE IN RUBY
In a previous report, we presented a general expression for the paramagnetic reso-
nance line shape of magnetically dilute crystals, with particular reference to Cr+++ in
ruby. The line shape was derived from magnetic dipole interactions. The detailed lat-
tice structure, the possibility of clustering, and the effect of strong exchange forces
over some arbitrary radius were taken into consideration. We quote the principal result:
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The symbols are explained in the previous report. The quantities V. were given in
various series expansions. For the sake of compactness we now rewrite (2), with
slight notational changes, as follows:
ip O
S= a + V (p). (3)Sg c
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The transform of e c has been computed numerically for various values of the
concentration n and inner cutoff radius r o , and will be discussed in more detail below.
The transform of the lattice sum (indexed on a) is obtained, to first order in n, as
follows:
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Here, 6 represents the delta function.
Since Vc (p) and the lattice sum appear essentially as products in the p domain, their
joint contribution in the o domain is obtained by convolution. In this sense, expres-
sion (4) embodies the satellite spectrum and provides a simple prescription for adding
it to the main line. The possibility of clustering can be taken into account at this point
by varying n in (4).
Interactions other than Cr-Cr dipole broadening can be assimilated into the theory. In
general, the joint effect of any number of statistically independent interactions is obtained
by convoluting the separate effects. 2 Interactions with neighboring aluminum nuclei, for
example, evidently fulfill the independence criterion for small Cr concentrations.
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Fig. III-1. Peak absorption vs concentration for ( transition
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Fig. 111-2. Halfwidth vs concentration for , - transition (continuous
dipole distribution).
In practice it has proved convenient to perform the numerical computations in the
following sequence: (a) inversion of exp[-nVc (p)], (b) convolution with a Gaussian to
include non Cr-Cr interactions, and (c) convolution with the 6-functions of (4) to include
the contribution of the near neighbors. We shall discuss these calculations in this order.
We calculated the line shape resulting from a continuous dipole distribution over a
range of concentrations, 0. 01 per cent < n < 1. 1 per cent, and over a range of cutoff
radii, 2. 73 A < r 0 < 7. 15 A. The range of r0 goes from the nearest neighbor shell to
the 16th neighbor shell, which is a safe maximum for any resonable possibility of
appreciable exchange forces. We stated in the previous report that the leading terms
in the expansions for V (p) indicate a line shape that is Lorentzian in the center and
Gaussian in the wings. Similarly, one can see that the line shape must become Lorentzian
for small n and small r 0 , and Gaussian for large n and large ro0
In the Lorentzian limit,
Halfwidth= c 1n (5)
Peak intensity = c 2 + c 3 ron. (6)
In the Gaussian limit,
Halfwidth = c r -3/21/2 (7)4o
Peak intensity = c5r / (8)
Here, c 1 -c 5 are constants that depend on the detailed crystal structure and on the energy
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levels of the particular ions in question. By halfwidth we mean the distance from the
peak value to one-half the peak value. By concentration we mean the ratio of the num-
ber of Cr atoms to the total number of cations.
In Figs. III-1 and III-2 we show the dependence of intensity and halfwidth on con-
centration, r O being constant, for the (4,-) transition in ruby. In Figs. III-3 and0 /2 3
III-4 we show the same relations (for r = 7. 15 A only) for the 2- transition. In
Fig. 111-5, we show the dependence of the halfwidth on r , with n constant, for the
(, -) transition. The line shapes are obviously close to being Lorentzian. Indeed,
in Figs. III-1 and 111-2, for ro = 2. 73 A (the nearest neighbor distance), the exact cal-
culated intensities and halfwidths cannot be distinguished, on the scale of our graph,
from the Lorentzian limit. We note that in the Gaussian limit we set the halfwidth pro-
portional to the square root of the second moment (with a proportionality factor of 1.175).
Clearly, in dilute crystals, the Cr-Cr dipole interaction gives rise to line shapes of
which neither the magnitudes nor the parametric dependences are related to the second
moment in any simple fashion.
The second step in our computation takes into account interactions that are independ-
ent of Cr-Cr broadening. The contribution of such interactions can be isolated experi-
mentally as the residual line shape in the limit of vanishing Cr concentration. This
residual line turns out to be a Gaussian of halfwidth 17. 75 mc. We shall discuss the
origin of this line shape in Appendix A. We point out that 18 mc is the dipolar width at
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Fig. 111-5. Halfwidth vs r for , - transition (continuous dipole distribution).
~0. 1 per cent concentration, almost independently of r o. (See Fig. III-Z.) This means
that Cr self-broadening makes a very small contribution to the total line in "pink" ruby,
accounts for roughly one-half the width in "standard" ruby, and becomes predominant
only in "dark" ruby. Consequently, relations (5) and (6) do not apply to actually observed
lines. Instead, for concentrations of ~0. 01 per cent, one expects
Halfwidth = constant = 18 mc (9)
Intensity c, n. (10)
In Figs. 111-6, 111-7, and III-8 we display the pure Cr dipolar line (calculated for ro
7. 15 A), together with the convolution of this line with the 17. 75-mec Gaussian, for con-
centrations of 0. 02, 0. 2, and 1. 1 per cent. Only the highest concentration, for which
the two line shapes almost coincide, does the Gaussian make a minor contribution.
In Figs. III-6 and III-8 we also show the result of including the lattice sum, which is
the third step in our computation. We have assumed here a concentration of near neigh-
bors which is consistent with a random distribution. One can see that the contribution of
the near neighbors is negligible for the 0.02 per cent crystal (the dotted line almost coin-
cides with the solid line), but is quite substantial for the 1.1 per cent crystal. The relative
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unimportance of the near neighbors in very dilute crystals, although somewhat sur-
prising, can be understood from two considerations: (a) The contribution of these neigh-
bors to the total area varies as n2. Intuitively, the number of pairs is proportional to
n2; or, more formally, expression (4) shows that the near-neighbor perturbation scales,
by a factor n, a line whose area is already proportional to n. (b) While the near neigh-
bors produce the largest single perturbations, the number of neighbors increases faster
with distance than the magnitude of their individual perturbations falls off. (It is this
same phenomenon that gave rise to the logarithmic divergence that was discussed in the
previous report. ) As a consequence, for low concentrations, it makes no difference
what one assumes about the near neighbors - whether or not they are assumed to be
clustered, exchange-coupled, point dipoles, or smeared into a continuous distribution -
none of these assumptions will significantly affect the observable part of the line. We
note, incidentally, that the reverse is true of the second moment. This quantity weights
most heavily the far wings of the line, and it is in the far wings that the near neighbors
produce a relatively large effect. If we ignore all of the atoms outside a radius of, say,
7. 15 A, we pick up ~90 per cent of the second moment; if we ignore all of the atoms
inside this same radius, we may pick up 90 per cent of the line area.
For concentrations higher than ~0. 1 per cent, the near-neighbor contribution to the
central part of the line becomes more significant. For the extreme case of very dark
ruby, with a concentration of -1 per cent: (a) The approximation involved in a continu-
ous dipole distribution introduces an error of -10 per cent when carried as far as the
nearest neighbor shell, and an error of 2 or 3 per cent when carried as far as the 1 0 th
neighbor shell. (b) The assumption of strong exchange, as opposed to zero exchange,
for neighbor shells 10-16 introduces small variations in the calculated widths and inten-
sities, and also tends to make the line slightly more Gaussian. The line derived from
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Fig. 111-9. Absorption halfwidth vs con- Fig. III-10. Peak absorption vs con-
centration. centration.
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strong exchange agrees slightly better with that derived from the experiment, but the
difference is not large enough to be really significant. (c) We can account for the
decreased intensity at high concentrations, observed by Manenkov 3 and by us, on the
basis of a small amount of clustering. A near-neighbor concentration that is in excess
by a factor of 2 or 3 can alter considerably the exponential in (4) and, consequently, the
line intensity, although it affects the line shape as a whole only slightly.
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Fig. III-11. Peak-peak derivative width Fig. 111-12. Peak-peak derivative height
vs concentration. vs concentration.
We exhibit in Figs. 11-9, III-10, III-11, and III-12 the calculated behavior of various
line-shape parameters. The lines have been calculated with a continuous distribution as
far in as the 1 6 th-neighbor shell, and strong exchange is assumed for the near-neighbor
shells 1-15. The parameter p is a measure of the assumed clustering and is defined as
the ratio of the near-neighbor concentration to the over-all concentration. The scale for
intensities has been chosen to match the calculated intensity for 0. 3 per cent to the
intensity of sample 4. The points shown are experimental and apply to the ,
transition.
Figure III-13 shows the calculated variation of the line shape with halfwidth. The
line shape goes from Gaussian to Lorentzian as the contribution of Cr-Cr broadening
becomes more significant. For extremely broad lines, the Cr-Cr dipolar contribution
itself begins to depart somewhat from the Lorentzian. The points shown are experi-
mental.
We now discuss briefly our experimental verification of the calculations. Although
data on linewidths and intensities have been published, 3 complete line shapes have not.
We used 6 rubies, all grown by the flame-fusion process. Two of these (No. 1 and No. 4)
were slow-grown annealed crystals with controlled homogeneity and concentration. We
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examined polished sections of all of the
360 / crystals with a microscope to ensure
320- freedom from macroscopic inhomogenei-
/ ties. We oriented the boules by the opti-20 - 4
80 cal method of Mattuck and Strandberg,
240
_o- and had oriented needles cut for use in
0-2 0 / the spectrometer. Our spectra show a
o 6 signal-to-noise ratio of at least 100.
20- Accuracy of linewidth measurements is
S GORENTZSAN SHAPE within ~3 per cent. The relative intensi-
80 / GAUSSIAN SHAPE
CALCULATED SHAPE ties are accurate to ~10 per cent, with
40 crystal No. 4 used as the standard. The
o 4 8o 20 160 200 240 280 experimental derivative curves were
ABSORPTION WIDTH (MC)
integrated to give the absorption, and
Fig. 111-13. Absorption halfwidth vs peak- this, once more, was integrated to give
peak derivative width. the area.
In Figs. 111-14, 111-15, and III-16 we
give examples of the derivative and absorption curves for samples No. 1, No. 3, and
No. 6 (nominal concentrations of 0. 03 per cent, 0. 2 per cent, 0. 8 per cent). To illus-
trate the progression from Gaussian to Lorentzian shape, we also shown Gaussian and
Lorentzian comparison curves, which match the peak value and halfwidth of the experi-
mental absorptions. This progression in shape is predicted by our calculation (see also
Fig. 111-13).
The data are summarized in Tables III-1 and 111-2. Table III-1 contains data that
are relevant particularly to concentration measurements. The Cr concentrations were
determined by several methods, as indicated in Table III-1. The area of the absorption
curve is, of course, also proportional to the concentration. The tabulated areas are
also scaled to give the value 0.3 for the (, -- transition of the No. 4 sample. The ratio
of the area of the 07,-f transition to that of the (-, -- transition should be 0.75 for
all concentrations. This is approximately verified. In Appendix B we explain why we
attach little weight to measurements based on integrated absorption areas.
In Table 111-2, we call attention to the observed excess width of the 3, 1transition.
The mechanisms included in our calculation predict a narrower, not a broader, line for
this transition. We notice: (a) that the excess broadening increases with concentration,
and (b) that the annealed crystal No. 4 shows markedly less broadening than the conven-
tionally grown crystals No. 3 and No. 5 of rather similar concentration. Both facts can
be explained by ascribing the excess width to random variations of the crystal field
parameter D, resulting from internal crystalline strains. Such strains tend to increase
8v
with increasing impurity content and are decreased by annealing. Since 2 = 0 at our
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Table III-1. Experimental results.
Sample Cr Concentration Area Area Area (3/2, 1/2)
Measurement (1/2,-1/2) (3/2, 1/2) Area(1/2,-1/2)
Method Result
(per cent)
Process Control .0336
1 .036 .026 .72
Calorimetric .026
Calorimetric . 039
2 .05 .031 .63
Spectrographic .033
3 Spectrographic .20 .19 .12 .63
Process Control .336
4 .3 .18 .60
Calorimetric .28
Calorimetric . 28
5 .28 .17 .62
Spectrographic . 34
X-ray .8
6 .56 .32 .57
Calorimetric .79
Table 111-2. Experimental results.
Sample 1 2 3 4 5 6
Derivative P-P Height 96 116 134 100 68 28
Derivative P-P Width 36.7 39.7 57.3 81.2 100 184
Absorption Peak 34 44 88 100 81 69
Absorption Width 21.0 22.9 40.1 58.0 71.0 129
Derivative P-P Height 54 62 40 44 23 8.1
(3 1 Derivative P-P Width 37.6 39.8 85.3 91.3 122.5 283
Absorption Peak 18 21 34 45 31 25
Absorption Width 23.4 25.6 57.4 65.8 89.5 203
Width 3, 1
Width -) 1.11 1.12 1.43 1.13 1.27 1.57
2__
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00 orientation, small variations in the direction of the crystal field will have no effect;
what we appear to see are variations in magnitude.
To illustrate the type of agreement that we obtained between theory and experiment,
we present in Figs. 111-17, 111-18, 111-19, and III-20 some experimental curves against
a background of theoretical curves clustered around the appropriate concentrations. We
stress that, as the concentration increases, the curves do not merely change into mag-
nified reproductions of themselves, but undergo complicated and drastic changes in
shape. We bring out this point in Figs. 111-21, III-22, 111-23, and 111-24, in which all of
the curves have been scaled to the same peak value. The curves in Figs. III-21 and
III-22 are the same, except for scale, as those in Figs. III-19 and 111-20. Eliminating any
difference in intensity, we see that the shape alone distinguishes concentrations quite
sharply. Our calculation predicts not only intensities and halfwidths, but also the detailed
variations of the line shape.
The energy eigenvalues for the first seven neighbor shells were obtained by inter-
polation from the exact diagonalization of the pair Hamiltonians computed by Dr. H. Statz
of Raytheon Company, Waltham, Massachusetts. Most of the computations were carried
out at the Computation Center, M. I. T.; some were performed at CEIR through the sup-
port of the Research Laboratory of Electronics and the National Science Foundation.
Miss Gladys McDonald and Miss Ellen McDonald assisted with some of the lengthy and
arduous numerical work. Mrs. Barbara T. Grant rendered assistance with programming,
numerical calculations, and other numerical aspects of this work.
APPENDIX A
THE RESIDUAL WIDTH
The origin of the residual width of ~18 mc is not obvious. We can rule out spin-
lattice processes, which at room temperature can account for ~1 mc.5 We can rule out
the crystal field because the parameter D plays no part in the ., - transition.
Magnetic dipole interaction with Al nuclei can be handled by a second-moment calcu-
lation. In contrast to Cr-Cr broadening, the concentration of Al nuclei is practically 1.
The Gaussian limit should give a fair approximation; at least it gives a valid upper limit
for the halfwidth, and this is sufficient for our present purpose. We have done a moment
calculation, following the general method of Van Vleck, and have also calculated the
relevant crystal sum. In connection with this calculation, we proved, incidentally, that
when calculating the Van Vleck moments resulting from the interaction of unlike atoms,
the ground-state splitting is irrelevant - that is, the use of projection operators gives
the same result that would be given if we had ignored the multiplicity of transitions
to start with. We obtain for the halfwidth that is due to dipole interaction with Al
nuclei the value 5. 12 mec. Since Gaussians add width in rms fashion, this leaves
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Fig. 111-18. Experimental and calculated absorptions (Sample No. 1).
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Fig. 111-20. Experimental and calculated absorptions (Sample No. 3).
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17 mc still unaccounted for.
We feel it is not unreasonable to attribute this residual width to contact interaction
of the Cr 3d electrons with the neighboring Al nucleus. If we write the wave function of
a Cr 3d electron as 4 = 4i(Cr, 3d) + E(Al, 3s), we can argue, from the measured hyper-
fine separation in aluminum, 8 that, to account for the observed width, E : 0. 035. Thus
the required amount of covalent bonding does not seem unreasonable. The present sug-
gestion seems attractive because it would also account for the absence of a residual
broadening of the Cr spectrum in MgO (Mg has no nuclear moment) and for the fact that
the ratio of residual widths of Fe and Cr in Al 203 is approximately the same as the ratio
of 3d electrons in these two ions.
APPENDIX B
NOTES ON NUMERICAL COMPUTATIONS
A great deal of effort was spent constructing optimally accurate and efficient pro-
grams for our numerical computations. The Fourier inversions were held to an error
of 1 part in 104 and were carried to ~100 halfwidths. The points were spaced in such
fashion that any intermediate point could be obtained to this accuracy with, at most, a
4-point interpolation. Our routine does approximately 10 such transforms in 3 minutes.
For the Gaussian convolutions we allowed approximately twice this error in the central
part of the line, with a maximum error of -1 per cent in the extreme wings. The lattice-
sum calculation involves the superposition of approximately 40 interpolated curves, and
the error cannot be predetermined with such precision; a reasonable estimate is 1 per
cent in the central part of the line, and a few per cent in the extreme wings. To facili-
tate direct comparison of the calculations with experimental data, the final absorptions
were differentiated by means of a 3-point Lagrange formula.
In the analysis of experimental data, the experimental traces were digitalized, by
using at least six points per halfwidth. The two integrations, to obtain the absorption
curve and the area of the absorption, were performed by computer. We investigated
the effect of noise and of base-line drift on the results. In general, halfwidths proved
quite insensitive, line shapes (Gaussian or Lorentzian) moderately sensitive, and the
area extremely sensitive; thus a 2 per cent variation in halfwidth might be associated
with a 30 per cent variation in area.
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